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Abstract 

In this paper, we apply the moving plane method to some degenerate elliptic equations to 
get a Liouville type theorem. As an application, we derive the a priori bounds for positive 
solutions of some semi-linear degenerate elliptic equations. 
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1 Introduction 

In the present paper, we study the nonnegativc solutions u(x, y) of the following equation with 
a constant a > 1 

jyuyy + au y + A x u + u a = in n > 1, 

\u(x, y) > 0, u(x, y) G C 2 (iTp), 1< a < 2±|2±§. 

Notice that no boundary condition is imposed on y = which is the characteristic of (|1.1|) . As 
far as I know, I haven't seen any Liouville type theorem concerning (jl.lj) . Set x n+ \ = 2^/y. (jl.ll) 
changes to 

A n+1 u + 2a ~ l d n+1 u + u a = 0, in (1.2) 



Xn+l 



If a — | , k G N + , then we have 



A x ,^v + v a =Q, in i?"+ fe \Ui = 0, .., = 0} 
v > 0, v G C(i? ,l+fe ), 1< a < 



z+k-2 ' 



with v(xi, x n , ^i, .., £&) = u(xi, ...,x n , y^f + ... + |f)- For (|1.3p . it is quite similar to the fol- 
lowing problem except for a codimension hyperplane, 

f A« + !i' = in > 2, 

|u(a:) > 0, u(a:) G C 2 (R n ), l< g < 2±|. 

The above problem (| 1 .4[) was investigated in [TT] and [2]. For the subcritical case 1 < q < ?3§, 
the only nonnegative solution u(x) is trivial. Whereas for the critical case q = u(x) is in a 
two parameter family of functions as 



u *>*o(x)=[ t2 + lx _ Xol2 ■ (1.5) 
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There are many extended results of problem (|1.4[) which mainly concern on the higher order case, 

[ (-A)Pu = in R n , n > 2p, 



u(x)>0, u (x)eC 2 v(R%l<q<^. 



(1.6) 



For the case p — 2, Lin and Xu got the similar results respectively in [TB] and [33]. Wei-Xu 
extended the results to the case 2 < 2p < n,p G Z in [35]. Chen-Li-Ou and Li proved the results 
for the most general case < p < ^ by the integral form of the moving plane mcthod(moving 
sphere method) respectively in [3] and [19] . Applying Chen-Li-Ou's method to systems as in @] 
and [18], one can also get the similar conclusions. Chang and Yang in [6] also extended this results 
to manifolds. 

The main method used in solving problem (jl.4p is the moving plane method which was first 
proposed by Alexandrov [T| and developed by Serrin [3T], Gidas, Ni and Nirenberg [51 [TO]- Now 
moving plane method has been widely used in study of the symmetry of the positive solutions of 
many elliptic partial differential equations and systems. The key point of using the moving plane 
method in (|1.4p is the conformal invariant property and the rotation invariant property of (jl.4l) . 

In our case, we also use the moving plane method and the conformal invariant property. To 
do so, we must establish some new maximal principles and overcome the difficult that (|1.2[) is not 
rotation invariant. 

In this paper, we obtain the following results for (|1.1[) . 

Theorem 1.1. Let u(x,y) > be a solution to (jl.lj) with a > 1. Then 
(1) for 1< a < ^ff±|, u(x,y) = 0; 



(2) / ra = £±§f±§, u t , X0 {x,y) 



for some Xq G R n and t > 0. 



t y / (n + 2a)(n + 2a-2) 
t 2 + Ay + \x - x \ 2 



It is easy to see that for a = G N + , Theorem 11.11 is exactly the result of (|1.4p in R n+k . 
For general a > 1 , we may consider Theorem 11.11 as the extension of the results of (|1.4[) to R n + 2a 
with real dimension n + 2a. 

As an application of Theorem ll.il we also derive a priori bounds for positive solutions of some 
semi-linear degenerate elliptic equations which arising from the study of geometry, 

a ij {x)d t3 u + b i (x)d i u + f{x, u) = 0, in Q, cc R 2 . (1.7) 

Let (j> G C 2 (AT(d£l)) be the defining function of d£l, namely, 

0|an = 0, V<£| an ^ 0, cj> > in O n JV(dn) (1.8) 

where Af(dfl) is a neighborhood of 9f2. Also, suppose that 

(a 13 ) > in 17, a ij ' {x)d i (j}d j <f> = 0, V(a ij ' d^d^) ^ on 90 G C* 2 (1.9) 

and that near dtt for the eigenvalues of (a 1 - 7 ) Ai and A2, there hold, for some constant Co, 

Ai > c > 0, A 2 = m{x)4>, < m(x) G C(fi). (1.10) 

Theorem 1.2. Lei (TT^_ . awrf jTTU)) be fulfilled. Suppose thatO < u G C 2 (ft) n L°°(rj) sofoes 

(fL7]l and f/iaf a y G C 2 ^),^ G C 1 ^) and /(x,t) G C(f2 x [0,oo)) 

lim — ' - = h(x), uniformly for some 1 < a < — -, (Fll) 

t->oo t a 2a — 1 
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where < h(x) £ C(tt), 



a = SU P a an 1* AAk + 1 , b = "if 5 iT5 A TTfc > 1> = T^TTo • V 1 ' 12 ) 
dn d k a l Jdi^dj^ k on d k a l Wi(^dj^ k V</> 2 



TTiera if follows that 
Remark 1.1. Define 



|u| £ -<C. (1.13) 



9 W = a TT^-j^-nj on dn where a d ^ d A = °- 

d k a l W l cj)d j (l)(f) k 

The invariance of g(x) is proved in The numerator of g(x) is the well-know Fichera number. 

The concept of Fichera number is very important when we deal with degenerate elliptic problems 
with boundary characteristic degenerate. It indicates whether we should impose boundary condition 
in such case. This fact was first observed by M. V.Keldys in U5f and developed by Fichera in 
The Fichera number also affects the regularities of the solutions up to the boundary, see \13f . For 
more details of Fichera number, refer to \20)/ . 

Remark 1.2. It might be hard to understand that the nonlinearity of f(x,u) should be related 
to g(x). We can take equation (|l.ip for instance to explain why this happens. In this situation, 
<f> = y, f = u a . It is easy to see g(x, 0) = a — 1 by a direct computation. Theorem \l.l\ tells us that 
the existence of non-trivial positive solution depends on the nonlinear power a which is involved in 
a. When we use blow up method to get a priori estimates of (JT77J) , one of the limit cases is (|1.1[) 
as the blow up point approaching the boundary. It is nature that the the nonlinearity of f(x,u) 
should be related to g{x) if we want to get the a priori bounds. 



The proof of Theorem 1 1.2 1 mainly follows the blow up method used in [12] • The mainly difficulty 
we encounter is the case when the blow-up point approach to the boundary. This case becomes 
complicated with the degeneracy of the equation on the boundary and without boundary condition. 
We should take a suitable transformation of coordinates to make the limit equation exists and 
establish some regularities estimates up to the boundary to guarantee the point-wise convergence. 

The present paper is organized as follows. In Section 2, we establish some lemmas which are 
similar to Lemma 2.3 and Lemma 2.4 in [2], and necessary for utility of the moving plane method. 
In Section 3, we shall use the moving plane method to prove Theorem 11.11 In Section 4, as an 
application of Theorem 11.11 we derive a priori bounds for positive solutions of some semi-linear 
degenerate elliptic equations. 

2 Preliminary Results 

In this section we collect some preliminary results which will be needed for our later analysis. 

2,2 

Suppose that u solves (jl.ip . Set x„+i = 2^/y and u(xi, ...,x n +i) = u(xi,...,x n , " 4 +1 ). Then 
(11. ip is reduced to 

A n+1 u + ^—^-d n+1 u + u a = in Rl +1 . (2.1) 

X n +1 



Noting that u £ C 2 (i?™ + ), we must have 

d n+1 u = -^ip-Uy => d n+1 u(x',0) = where x' = (xi,...,x n ). 

This allows us to extend u to the lower half-space by 

u(x',x n+ i) = u{x',-x n+ i) for x n+1 < 0, 
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such that u{x) G C 2 {R n+1 ) with d n+x u{x' , 0) = 0. 
Consider the following elliptic operator 

n+l n (x(^) 

= ^2 a ij( x )9ijU + h{x)diu H d n+1 u. 

i ■ i X n +i 

? — 1 1 

All the coefficients (x) 7 fri(x), a(x) G C(i? n+1 ), a(x) > and (a^) is a positive definite matrix. 
Then we shall have the following two lemmas. 

Lemma 2.1. Suppose that u G C 2 (£?i) n C{B\) with d n +iu(x',0) = satisfies that 

-L(u) > in Si. 
T/ien either u is a constant or u can not attain its minimum in B\ . 

Proof. It suffices to prove the second case. Without loss of generality, we may assume that u 
attains its minimum at the origin. 
Denote 

B r (P) = {x G Si|x' 2 + (x„+i - r) 2 < r 2 },r < -, where P = (0',r) G 
B^(P) has the same center as B r (P) but half radius. Set E = B r (P)\B^(P). We consider 

fc,(x) = 1 - e -/%' 2 +(*n+i-r) 2 -r 2 ] in S . 

Then we have 

n+l n / v 

L(h) = ajj(x)djjh + bj(x)djh H — d n+ \h 

. . . x n +i 

?— 1 2—1 



< e -^[x' 2 +(x„+i-r) -r 2 ] _ Cl/3 2 (a ,,2 + _ r)2) + + r) 



2a(x)/3r 
x, l+ i 

< -co in E, since a(x) > 0. (2-2) 

for some positive constant cq > if we take /3 large enough. Now let v = u + eh, then Lv < 0. 
This implies that v must attain its minimum on the boundary of E. Consider v on the boundary 
of S, 

(i) on dB r (P), noting that h\gB r (p) = 0, u\dB r (p) > u(0), then we have 

u + eh\dB r (p) > w(0). 

(ii) on dBr(P), there exists <5 > such that u|as r (p) > u(0) + 5. Thus we can choose e small 
enough such that 

u + eh\dBr(p) > u(0) + -. 
This means m + eft, > u(0) in E, which implies 

$H-iu(0) > -e9 n+x /i(0) > 0. 
This contradicts to d n +iu(x' , 0) = 0. This ends the proof of the present lemma. □ 
Lemma 2.2. If u{x) G C 2 (Bi) n 1 (B 1 ) with d n+1 u(x',0) = satisfies that 

-i(u)>0mBi. (2.3) 
J/ u attains its minimum at x° G <9i?i , £/ien either u = const or 

— ■7T~\x=x° > 0, n. is i/ie outward normal to dB\ at x°. 
on 
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Proof. Assume that u is not a constant. By Lemma 12. 1[ u{x) can not attain its minimum in 
B\. If u attains the minimum at a; G dBi\{x n+ i = 0}, it is the immediate consequence of the 
standard Hopf ' lemma. Without loss of any generality, we assume that v attains its minimum at 
x" = (1,0,..., 0). Set 



h(x) 



in B x \Bi. 



Then h(x) > 0, h\ dBl = and 



L{h) = exp{-(3x 2 }{4:(3 2 a l jX i Xj - 2(3au - 2bi(3xi - 2a(x)(3} 
> exp{-^a; 2 }{co/3 2 a; 2 - a(3\x\ - c 2 } > 0, 

if we choose /3 large enough. Choosing e > small enough, one can get 

L(v - eh) < in Bi\Bi, u - eh > u(x°) on dB 1 U dBi. 

An application of the maximum principle to u — eh yields 

du , dh 



OXi OXi 

This completes the proof of the present lemma. 
Turn back to (|2.1j) and consider 

v(x) 



\x=x° < 0. 



□ 



| a .|n+2a-2 - 1 33 J - 

By a direct computation with r = n + 2a + 2 — a(n + 2a — 2), v solves, 
2a- 1 



9„+iw + |a;|- T w Q = in i?" +1 \{0}, 6W + i<u(x', 0) = for x' 7^ 0. 



X n +1 

From the definition of v, we will have the following asymptotic behavior at 00 



(2.4) 



v(x) 



|n+2a-2 



i -1 

y Q ' Xt +o( - ) 

\r r \n+2a T MJn+2«'' 



9jU(x) = - 



i=l 1 1 

(n + 2a — 2)aoa;i 

|~.|n+2a 



(] 



(2.5) 



Syu(x) = 0( |x|ra+2a ), with a > 



0. 



Next we generalize the important lemmas which are essential for the application of moving plane 
method to (|1.4[) in [5] to the equation studied in the present paper. Denote 

Si = {i£ i? n+1 |xi < \},x x = (2A-xi,x 2 ,...,x„ + i). 

Then there hold the following lemmas 

Lemma 2.3. Let v be a function in a neighborhood of infinity satisfying the asymptotic expansion 
3|) . Then there exist two positive constants R, X± such that, if A > Ai, 

v(x) > v(x x ), for x G S^, |x| > R, A > Ai. 



Proof. In view of (|2.5p . 
u(x) — v(a; A ) 



71 + 1 



|n+2a-2 



„A|n+2a-2 • 



^ ^'^J'C | T ,|n+2a 



1 
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2a 1 (x 1 -\) 1 

~ | 2 .A|n+2a ' ^ j^rH^a /' V^-"/ 

(1) if \x x \ > 2\x\, there holds 

v(x) - v(x x ) > ^ n % a _ 2 - ^ n % a -i > if M > R > for sufficiently large R, 

(2) if |x A | < 2\x\, there holds 

_ ( 1 1 x > ao r j 1 x > cq(\x x \-\x\) 

°M™|n+2o— 2 l_Xt*i-4-2ra— II — l„ln.-l-2m— 3 M_l l„ A l/ — 



Hence 



,(*)-^ A )> Cl(l * A| ~ W) 



|j.|n+2a— 1 |^|n+2a ' 



If |x A | - |x| > |J i it follows that v(x) > v(x x ). 

£2. J_ 

ci |a;| 



If |.t a | — |x| < ^-tjt, this implies x\ > ^. By asymptotic expansion of u at oo, < if we 



choose A large enough, thus v(x) — v{x x ) > 0. □ 
Lemma 2.4. Suppose that v satisfies the assumption of Lemma \2.3\ and 



(A n+1 (v{x) - v(x x °)) + ^d n+1 (v(x) - v(x x °)) < in E Ao n {|x| > R}, 
\v(x) > v(x x °), Vx € £ Ao n {|x| > R}, 

with d n j r \v{x' , 0) = and a > h. Then there exist two constants e and S > suc/i that 
(i) v Xl < in \xi — Ao| < e and |x| > 5, 

fiij i;(x) > in Xi < Ao — | < A and \x\ > S for all x G £ A with |A — Ao| < o(e). 

Proof. With w(x) = v(x) — v(x x "), it is easy to see w(x)\ Xl= \ = and that 

(Aw + ^d n+1 w<0, in £ Ao n{|x| > i?}, 
\w(x) > 0,d n+1 w(x',0) = in £ Ao n {|x| > J?}. 

We claim: there exists 8 > so small that 



(2.7) 



(2.8) 



" (a:) > |x - mS Ao n{N>i?+l}. (2.9) 

Here means the vector whose i-th coordinate is 1 and others arc 0. By Lemma \2. 21 we see that 
w Xl < on {\x\ = R + 1} n {xi = Ao} which implies for some small 6, k > 0, 

w(x) > k0{) : a '^ 2a on {\x\ =R+l}n{\ a -5<x 1 < A }. 
|x — \oei\ n+za 

We shall notice that w(x) > c > on {|x| = R + 1} H {xi < A — 5}, thus 
w(a ° > \x S -Xe^ on{\x\=R+l}n {xi < A }. 

Denote 

_ A - Xi 
W ~ | a; -Aoei|"+ 2 «' 
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It is easy to see that 

K+ih + ^—^-d n+1 h = in ir +1 \{A oei }. 
x n+ i 



Therefore (|2.9I) is proved by the maximum principle. In particular, 

w xl (Xo,x") = 2v xl (X ,x") < -6/\x"\ n+2a , where x" = (x 2 , x 3 , ...,x n+1 ). 
Combining this with the asymptotic expansion yields 



v Xl (A + h, x") < v Xl (\ ,x") + S n + 2a 



_l_ s _ 1 , C\h\ 



2 \ x "\ n + 2a \x\ n + 2a 



-U 1 



4 Ix^ 20 *' 

as \h\ < and \x\ is large. This proves the first part of the present lemma. 

As for the second part, from the asymptotic expansion and the result of the first part, it follows 
that 

u(2A - xi, x") - u(2A- x u x") > ~ c(A ° ~ (A - x x + c), 

\x — Aoei|"+^° 

as x\ < Ao and |a;| is large. Hence, 

v(xi,x") - v(2\ - xi,x") 



(v(xi,x") — w(2A — xi,x")) + (v(2X — x\,x") — v(2X ~ x\,x")) 

5{\ - xi) c(A - A) _ 

|i- A ei|"+ 2a \x - \ oei \ n + 2aK Xl j 
[*-c(Ao-A)](A -a;i)-c a (Ao-A) 



la: - A ei| ri + 2Q 



>0, 



if x\ < Ao — § and |A — Ao| is sufficiently small compared to e. This completes the proof of the 
present lemma. □ 

In all the above arguments, the discussion is always carried out outside a neighborhood of the 
origin. Now let us investigate the behavior of v in this neighborhood. The following idea mainly 
comes from [T7] and [S]. 

Lemma 2.5. Suppose that v <E C 2 (Bi\{0}) n C(Bi\{0}) is a positive solution to the following 
problem with n + 2a > 2, 

L(v) = A n+1 v + 2a ~ - d n+1 v < in Bi\{0} with d n+1 v{x' , 0) = 0. (2.10) 
a:„+i 



Then there holds 



v(x) > infu, Vz e Bi\{0}. 



Proof. Set inf v = mi. Consider h s (x), with < s < 1 and a suitable constant l(s) 

dBi 

h s (x) = mi + l(s)( |w i 2a _ 2 - 1), h s \ dBl = m 1 ,h s \ dBs = -1. 
\x\ 

From the definition of h s (x), there holds 

L(v - h s ) < in Bi\B s , v - h s \ dBl > 0, « - /i s | aBi > 1- 



7 



By the maximum principle we have for any fixed x 

v(x) > h s (x) = mi + l{s){ . |ra+2a _ 2 - 1), if s is small . 

\x\ 

It is easy to see 

(mi + l) s "+ 2 °- 2 
Us) = -r^-^ >0ass^0. 

Thus passing to the limit s — > 0, we have proved v(x) > mi. This finishes the proof of the present 
lemma. □ 

3 The proof for Theorem 11.11 



Now we can prove Theorem 11.11 
Proof of Theorem O Set 



A = inf{A|w(a;) > v(x x ') Vx e E A ,,A' > A}. 

By Lemma 12.31 and Lemma 12.51 we have |Ao| < oo. Also we can claim that 

v(x) = v(x x °), VxeS Ao \{0}. (3.1) 

Without loss of generality, we may assume Ao > 0. Since for the case Ao = 0, we can start the 
moving plane from — oo and stop at x\ = Ai. If Ai < 0, we can prove v{x) = v(x Xl ) by the same 
arguments as we do in the case Ao > 0. Otherwise Ai = 0, the claim (|3.1[) holds immediately. Now 
we turn to prove the claim (|3.1[) for Aq > 0. If (|3.ip is false, by Lemma \2. 11 one gets 



v{x) > v(x x °), Vx £ S Ao \{0}. 

Also from the definition of Ao and Lemma |2~^I one can choose A& t Ao as k — > oo such that 

+ a k = {x e E Afe \{0}|u(z) < v{x x *)} c B R . 

Noting Lemma 12.51 and the continuity of v, we can see that 

v(x) > v(x Xk ) in B r \{0}, B r C S Afc , 

if we choose r small enough and k large enough. This implies that a k C Bp\B r . Set Wk(x) = 
v(x)—v(x Xk ) and w{x) = v(x)—v(x x °). It is easy to see that 3x k € <Jk such that Wk(x h ) = inf Wk(x). 
Next we consider x°° = lim x k in two cases 

k— >OG 

(1) x°° <G ^\ k - we have w(x°°) = lim Wk(x k ) < which is a contradiction. 

k— >oo 

(2) x°° £ dT,\ k : we have d Xl w(x°°) = lim d Xl Wk{x k ) = which is a contradiction too. 

k — >oo 

This proves the assertion (|3.1I) . 

If a < "+2°-2 ' we have t > 0. To prove the radial symmetry of v, one should take a transfor- 
mation. Set 



v(x',x n+1 ,x n+2 ) =v(x', ^Jx 2 n+1 +xl +2 ). 



It follows that. 



A n+2 v + ^^d n+2 v + \x\- r v a = 0, mR n+2 ,d n+2 v(x',x n+1 ,0) = 0. (3.2) 

There is a singularity at 0, and hence Ao must be 0. Notice that (|3.2|) is rotation invariant about 
x' , x„+i. We have 

u(x',x n+ i) = v(x',x n+ i,0) = v(x',x n+ i,0) = v(x',x n+ x), if \x'\ 2 + x 2 n+l = \x'\ 2 + x 2 n+l . 
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This implies that 



u(x',x n +i) = u{x',x n+1 ), if \x'\ 2 + x 2 n+l = \x'\ 2 + x 2 n+1 . 



If we take another transformation such as 



1 x 

< X ) = [a; |n+aa-a "6(02)' herC 6 »+l = °> 



where Ub(x) = u{x — b). Repeating the above arguments, similarly we have 

u(x',x n+ i) = u(x',x n+1 ), if \x' + b'\ 2 + x 2 n+l = \x' + b'\ 2 + x 2 n+l . 

In fact, b' can be chosen arbitrarily, thus u must be a constant. This means that u = 0. 

Now we consider the case a = n + 2a+2 or r = 0. By the same arguments as we did in the case 
t > 0, there exists A = (Ai, A n+ i) such that 

n+l ri+1 

v(x',x n+1 ,0) = v(x',x n+ i) = v(x',x n+ i) = v(x',x n+ i,0), if ^ \xi - A,| 2 = ^ |.t- - Ai| 2 . (3.3) 

i=l i=l 

In fact, A„ + i must be 0. Otherwise, it follows that 

v(x', 2A n+ i - x n+ i) = v(x', x n+ i) = v(x', -x n+1 ). 

It shows that for the fixed x' , v is periodic with respect to x n +\ with period 2A„+i. This means 
that v must vanish which is impossible. For A' = (Ai, A„), we have two cases. 

(1) A' = 0: noting u(x) = ^n+na-'i v(j^z), u(x) is radially symmetric with respect to the origin. 

(2) A' 0: This means that is not the symmetric center of v, v must be C 2 at 0. In other 
words, u{x) has the similar asymptotic behavior at oo as v(x). This allows us to apply the 
moving plane method to u(x) directly to obtain that u{x) is radially symmetric with respect 
to some point b € R n+1 , 6„+i = 0. 

The above arguments show that u{x) is radially symmetric with respect to a point b € {& n +i = 0}. 
Now we can follow the arguments of Section 3 in [3] , then we can complete the proof of Theorem 

o 

Comparing Theorem 11.11 with (|1.5[) . we can regard (|l.lj) as an equation defined in dimension 
?i + 2a. Therefore, we can consider the following more general equation 

' m m 

Vi u viVi + aiU y' + ^ xU + = o m R+' n = {( x i y)\ x e R n ,Vi e R+,i = i, m }, 

u > in fl™'" and u e C 2 (B^). 

(3.4) 

Theorem 3.1. Let u(x,y) be a nonnegative solution of (|3.4[) with constants o» > l,i = 1, ...,m. 

m 

Then with a = o^ 
i=i 

(2) / ra = 2^±|, ut.xoC^y) 

/or some xq £ i?" and i > 0. 

The proof of Thcorcm l3.1l is just the same as the proof of Theorem ll.il as we can easily establish 
the similar lemmas as in Section 2 for (|3.4j) . Thus we omit the details here. 



t^/(n + 2a)(n + 2a-2) 
* 2 +4£™i2/, + N-Zo| 2 
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4 An application to a priori estimates of semi-linear degen- 
erate elliptic equations 



The proof for Theorem 11.21 our proof is by contradiction and uses a scaling argument reminis- 
cent to that used in the theory of Minimal Surfaces, also refer to [12]. If (|1.13p is false, we can get 
a sequence u k £ C 2 (f2) n L°°(0) such that 

\u k \ L aa — M k — ¥ oo as k -> oo. (4.1) 

Hence, we can find x k £ fl — > 5 <G as fc — >oo such that u k (x k ) > Mf-. Next we shall distinguish 
two cases to investigate. 

_ k 

Case 1: x £ £1. With y = x x define the scaled function 

v k (y) = ^u k {x) where (if 1 M k = 1. (4.2) 
For large k, v k (y) is well defined in B_d_(0) where 2d = dist(x, c3£l) , 

sup v k (y) = l,v k (Q)>l, (4.3) 
yes^_(o) * 

Vk 

Moreover, v k (y) satisfies 

ak £^ + ^ k %i + ^ f ^ ky + ^v k ) = 0, in fl^(O) (4.4) 

where a k 3 (y) = cfUjikV + x ),b\(y) = b l (nkU + x k ). Noting that y £ -B_d_(0) which implies 

fJ-kU + x k £ Bd(x k ) and dist(Bd{x k ), 90) > | for k large enough, one has (|4.4[) is uniformly elliptic 
in B_d_(0). From (JTTTTJ), we see that 

lim l^fi^y + x k , ^v k ) - hfay + x k )(v k (y)T\ = 0. 

Therefore, given any R such that Br(0) C B_d_(0), we can, by elliptic LP estimates, find uniform 
bounds for ||u \\w 2 ^(B R (o))- Choosing p large, we obtain by Sobolev embedding theorem that 
||u fc ||ci./3(B H (o))! < /3 < 1, is also uniformly bounded. Passing to the limit k — > oo gives v k — > v 
and v solves ^ 

a l Hx)^— + h(x)v a = 0, in R 2 ,v(0) > -. (4.5) 
oy l dy J 2 

By performing a rotation and stretching of coordinates, (|4.5p is reduced to 

Av + v a = in R 2 . (4.6) 

Suppose v is a non-trivial non- negative solution of (|4.6[) . Let £(2/1,2/2,2/3) = v (2/1,2/2)- Then 

Ail + = in i? 3 (4.7) 

Noting a < f^zf < §35 = 5 and the results of [TTj, we must have "0 = which contradicts to 
£(0,2/ 3 ) > 5- 

Case 2: x € 50 . This is quite different from Case 1. Without loss of generality, we may assume 
that 

d 1( t>(x) =0,d 2 ct>(x) ^0. 
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From it follows 

= a ij d^d^x) = a 22 (<9 2 </>) 2 =*> a 22 {x) = 0. 
Hence a u (x) > follows immediately from (| 1 . 1Q[) . Denote 

Hi = xi,V2 = 4>( x )i <G Bd{x) n Cl, d small enough. 

Therefore, in the new coordinates (2/1,2/2), (|l-7[) can be written as for some small 6 



_ 22 <9 2 u fc „ u d 2 u k , 2 d 2 u k ridu k 72 du k 

a ~M +a ^yj + 2a dy^ + ' + * + ^ U ) = °' " Mv ) ° {Va > ° } (48) 
where 



a 22 = n n i),o<i,o. h 11 = a 11 , a 12 = a lj d j( t>, b 1 = b\b 2 = Vdrf + a ij d ij( f>. (4.9) 

Set 

pi = ,P2 = — 2 — > w (p) = Pk u \v) Wlth Mfc M k = 1. 



Then 



^ s *r +s w + 2 ^ 12 ^+^ 51 ^ (4 - 10) 



fc 

Set Jffc = S^_(0) n {p2 > — Then we will have the following lemma 
Lemma 4.1. In the region considered, one has 

a 11 > co > 0,5 12 = A' 2 { P )n 2 { P2 + 4),« 22 = A 22 ( P )^( P2 + 4), (4.H) 

where 

„fc 6 2 (pi,-4) 
A 12 , A 22 e c 1 ^)^ 22 ^!,-^) > 0, V > 2. (4.12) 

^ 22 (pi,-%) 

Proof. Noting a 22 = a y di<fidj(f> — on {2/2 = 0}, we get 

a"(y) = y ^ dt = y 2 J d V2 {a : >d i (j)d j (j)){y 1 ,ty2)dt 

= A 22 f i 2 (p 2 + ^), where A 22 = / d y2 (a ij d^d^iyut^dt. (4.13) 

From (|1.9[) . we see that V(a 22 ) 7^ on {2/2 = 0} which implies that d y2 d 22 (yi,0) > or 
A 22 (pi, — %) > in the region considered. The C 1 property of ^4 22 follows from the C 2 property 
of a y , immediately. The last term in (|4.12j) follows from (|1.12[) . 

□ 

Dividing both sides of (|4. 10[) by A 22 , one can get in 

y\ dV= _ n dV* 2/2n-12 ^ 

fe + 3)lT+ « + 2/z fe (p 2 + — )a 



A 1 ? dpi dPi Pk 9pidp 2 
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Bi> k - r)n k 2a 2_ 

+ ^b 1 g fi +b 2 —+^- 1 9(p,^ k a - 1 v k )=0. (4.14) 



where 



A 22 ' 



^412 
A 22 



b l = — f = 



j{22 ' J £22 ' 



We must take care of the limit of 



Case 2.1 : lim% = 00. We take q\ = pi, 92 = 2\ P2 + % — 2w then (14.141) changes to 

^fc V f"k 



d 2 v k 



_ 11 d 2 v k 



dql 



Mfe U 2 + 2W% a 12 



d 2 v k 



T1 dv k 
Pkb 3— 
dqi 



Hi J dqidq 2 
2b 2 - 1 dv k 



+ ^- 1 f(q,fi k - 1 v k ) = 0, in J k . (4.15) 



92+2, 



dq2 



It is important to show that J k can be chosen arbitrarily large as k — > 00. Since p € -ff/c, it follows 
that 



9? 



£2 
2 



9 2/92 



25 



2/2 



92 < — 7= noting that q-> > — 2W — 

yf V MS 



(4.16) 



From yo^O and % — >• 00, one can get 



52 n2 2 
— ^ = 4Ztmax 

Ml 



'2/2 



2^ V Mfe 



, /t — > 00 as k — > 00. 



(4.17) 



Since 



2 92 



2/2 



91 + 92 1 — + I <9r+4max 



2VJ/2 V Mfe 



4 92 2 , 



(4.18) 



we can take J k = B h (0) n {92 > -2W%}. 

Also, we have v fc (0) > |. As for any R, we can choose k large enough such that -Br(O) C Jfc. 
Thus (|4.15[) is uniformly elliptic in 5r(0) with uniformly bounded coefficients. This allows us to 
follow the same steps in Case 1. Namely, passing to limit k — > 00, we have 



d 2 v _ n ft 



h{x) 



v a = in R 2 ,v(0) > 



(4.19) 



if we notice that for q e Br(0), 



| Mfc (92 + 2W%)| + | 



1 < fi k R + 2Jy^ 



92+2 A /% 



as A: — > 00. 



(4.20) 
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Therefor, (|4.19p gives rise a contradiction. 

k 

Case 2.2 : lim% — c < oo. 

fc-> 

First of all, we establish a lemma of weighted-L 2 estimates. Let ip € C^°(R 2 ) be a cutoff 
function with ip(p) = 1 as \p\ < 1/2 and tp = as \p\ > 1. Set Vv(p) = "0(f)- 

Lemma 4.2. Suppose u e C 2 {R\) n L°°(R 2 + ) solves (|4T2"T]l . 



<9 2 ii 



9 2 u 



<9it 



P2~tt~2 +B 11 — I + 2p 2 B 12 -—- + B l j—+B z j— + f = OinR 
opz dpi opidp2 dpi dp 2 



2 



(4.21) 



witfi B^B* G C 1 ^), / G L°°(R 2 + ) and B n ( Pl ,0) > c > 0. Tftera /or r smta&Ze sma/Z, we have 

\\pIAu P2 \\l* + \\Au Pi \\l* < C(r, ||Vr-B^|| cl , HVr^Uci, H^/IIloo, H^llioo). (4.22) 
Proof. Set r) e (p 2 ) G C°°{R\) that 



0, < p 2 < e 

1, P2 > 2e, 



(4.23) 



with |-D J '?7e| < Cj£ J for p 2 G (e, 2e). Denote Vv.e = Vv?7e- Multiplying both sides of (|4.2ip by A 
and integrating by parts, we can get 



A,eP2 



du 
dp2 



+ I B 11 ^ 



du 
dpi 



dA,e 1 d 2 lp r ,e ld{B 2 ljj r ,e) 

dp 2 2 P2 dpi 2 dp 2 

d{By r , t ) u p,_ 2 r Bl3 du du 



0(B u vv ie )\ 3U 



9pi 



9pi 



5pi 9p 2 



; dpi dp 2 



Now we estimate the terms on the right side of (|4.24p . The first term, 



dtp r , 
dpi 



e 2 
U 



< / |G) p2 ^h e u 2 + / \d P2 r, e \Au 2 <Ci+C 2 / e^dpa < C, 



2< 



where C is a constant only depending on the quantities in (|4.22[) . Also 



dip r> e n 
dpi 



< I P2\d 2 iprlVeU 2 + 2 / p2\d P2 ip r d P2 r] e \u 2 + / p 2 A\d 2 T) e \ 



2 c 



p 2 ^2 < C 1 



(4.24) 



(4.25) 



(4.26) 



The second term, 



The last term, 



f du 

J BVr.elt — 



dpi 



4(5 



(4.27) 



p 2 B 12 Vv 



9u <9u 
9pi dp 2 



< J piA,e\B 12 

< Cr^ / A,eP2 



du 
dp2 
du 
dp 2 



pIAAb 12 
i ( du 



du 
dpi 



(4.28) 
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Combining the above estimates and choosing suitable r, S, one can get 

du \ 2 f , ( du N 



^ P2 WJ + J^wj - c (429) 

for some constant C independent of e. Passing the limit e — > 0, we have finished the proof of the 
present lemma. □ 

Now we can complete the proof of Case 2.2. Replacing p2 + % by p2, still denote it by p2- 

^k 

Then by Lemma ETT1 one can get b 2 (p 1: 0) > b > 2. All the coefficients of (|4.14j) arc C l {R\) 

2a _ _ 2 

with fi^ 1 f(p, n k a ~ 1 v k ) G this means all the requirements in Lemma \4. 21 are fulfilled. From 
Lemma 14.11 Lemma 14.21 and the regularity results of Theorem 15.11 and the standard regularity 
results for non-degenerate elliptic equations, one can choose a suitable subsequence such that 
V (0',— %) — ^ v(0',c) > \ and also v k — >• u in the distribution sense in S>'(R+) and w satisfies 



( P 2 + c)S^(o«^^)(2)a-j + « (a)«Tff + 0V< + ^^{x)-^- + M^K - 0, in R\, (4.30) 

(?P2 "Pi 



where < c = lim ^ < oo. By a linear change of coordinates and a stretching of coordinates, we 
have that 

ip2V P2P2 + v PlPl + bv P2 + v a = in R\, 

\ 0<v eC 2 {R 2 + )nC{R 2 + ),v(0 1 c)=c >0. { ' ' 



From the assumption of Theorem 11.21 it follows that 2 < b < a and 

2a + 3 2b + 3 

a < < — . 

2a - 1 ~ 26-1 

By Theorem 1 5. 1[ we see that v G C 2 (R 2 + ) and have v = which follows from Theorcm ll.il This 
is a contradiction to v (0, c) > 0. This ends the proof of Theorem II .21 

5 Appendix 

In the present Appendix, we shall give a result about the regularity of solutions to some 
degenerate elliptic equation in |14j . For the convenience of readers, we shall give a brief proof for 
it. We shall use the notations in [2]. Define I q (v) and Ip(v) by: 

hi v ) = \\y d m v \\ L «(Ri+ i ) + \\ a I v \\l*(r" + +i ) + Ito' A i v y\\ L HR n + +1 ) + + \\ v \\lhr" + +1 )> ( 5 - 1 ) 

IP(V) = [yOyyV]^^ + [Af^^ + [y-lAlVy]^^ + + M^n+ly (5.2) 

where Ai is a singular integral operator with the symbol cx(Ai) = |£|. Also we say a function 
v(x,y) in C a {R\ +1 ), a G R\\Z, if 

1^^ = E \ D *v\ c(rW) + [v) da(W < oo, (5.3) 

l/3|<H 



where 

M<w***> = E ( '^f--f ( " y)l )- (5-4) 

Let ip G C~(i?" +1 ) be a cutoff function with ip(x,y) = 1 as |x| < 1/2, y < 1/2 and -0 = as 
M>lor \y\>l. Set MW)= 
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Lemma 5.1. (Lemma 5.4 in JT^/j Suppose that u G C 2 (i?" +1 ) f] L p (R n + +1 ) withu x ,yu y G L p (i?" +1 ) 
L(-u) = + a io u XzX] + y ^ c^u,^ + &jii. Tj . + 6n. y = /, m ^ ^ 



where aij, a,j, bj, b are all in C(i?" ) with 0^(0) = 8%j, 6(0) > i|, / G L°°(i?" ) and £/ia£ /or some 
e>0, 

lira y bl '- ' > ~ 1 ~ e u(x,y) = uniformly for all x G R n . (5-6) 

£,->0 

Tnen for sufficiently large p, there are r — r(p) > such that 

/pfoMO < a, (5.7) 

/or some constant depending only on p, ||V'2r/||Lp, HV^j-mIIlp, ||'02t-'U£c || i? 3 a^d H^V^r-My provided 
that p>n + \ orp> and 6(0) - 2 - e > 0. 



Lemma 5.2. (Lemma 5.5 in \T$) Suppose that w, d x w, yd v w G C£ c (-R+ + ) H C 2 (i?™ +1 ) urai/i a G 

R\\Z and w satisfies \5.5\) , where aij,dj,bj,b, f are all in C/" c (i?™ +1 ) with a%j(0) = oV,-,6(0) > |. 
Then 

I a {Aw) < C, (5.8) 
for some positive constants r and C , depending on a, \ip2rf\on \ip2rw\a, \ 1 p2rd x w\ a and \yip2rdyw\a- 
Denote by W^ ,P (U) the completion of the space of all the functions u in C 1 (f7) under the norm 



(y y pa \Du\ p dxdy + J y pa \u\ p dxdy 



Here we always assume U C bounded and 9£/ fl {?/ = 0} nonempty. 

Lemma 5.3. (Lemma 8.3 in \H\ Appendix B) Let U € C 1 be bounded domain and let a G (0, 1). 
Then the following maps are continuous 

Wl' p {U) C g (E/) mftere/9 = l-a-^^, z/> > 7Y~p ( 5 - 9 ) 

W^(£7) ^ L«(tO where q < > , ^- < P < t^t- (5.10) 

n + 1 — [1 — ct)p 1 — a (1 — a) 

Moreover, for p = 2 and Va € (0, 1), one can have 

Wh' 2 (U) ^ L q (U) where q < - q \ and q x = 2 + -. (5.11) 

1 + 2a n 

With the above three lemmas, we can establish the following theorem concerning the regularity 
of solutions to degenerate elliptic equation (|5.5[) for n = 1 and p = 2. 

Theorem 5.1. Suppose that 6(0) > 2 and u G C 2 (i? 2 _) f~] L°°(i?^_) with u x , yu y G .L 2 (i?+) satisfies 
(1531). T/ien 



^ Suppose aij,aj,bj,b G C(i? 2 _) and / G -L 00 ^ 2 ^). T/ien i/iere eiist too constants r > and 
i9 G (0, 1) suc/i £/iai 

\\Au\\ C P(E^) + IK^H^^T) + llyV'r^llcfl^) - C r> ( 5 - 12 ) 
/or some constant depending only on Ij^r/IlL 00 , llV^r^U 00 , ||'02rW a ;||x,2 and \\yip2rUy\\ l 2 ■ 
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(2) Suppose aij,ctj,bj,b, f E C k+l3 (R+), k > 0. Then there exist two constants r > and 
/3 G (0, 1) such that 

h+pilprU) < Cr, (5.13) 

for some constant depending only on \\ip2rf\\c k A\' t p2ru\\L< x >,\\' t p2rU x \\L 2 , WyforUyW l 2 o-nd the 
C k -norm of the coefficients. 

Proof. We first prove (|5.12[) . By Lemma I5TT1 one can get 

h{i> r u) < C r ,i.e.,yip r ue H 2 (R 2 + ) , yi ip r u xy G L 2 {R 2 + ). 

Hence by Sobolev embedding theorem, it follows that yifj r Uy G £ p (-R+)iVp G [2, co). By noting 
ip r u x G W'l' 2 (R 2 h ) and (|5. (where n = 1), we can see that Vvuz G L pl (.R+), Vpi G [2,3). Now we 
can apply Lemma 15.11 again for p\ and another smaller n (for simplicity we always denote it by r) 
to get 

I pi (lp r u) < C r ,i.e.,ip r u x G Wi' pi (i?i), ljj r U x ,i> r Uy G L Pl (i?i). 

2 

This implies that i/vu G W 1 ' 3 ' 1 ^). Then ^ r u G C*(-R+) if 

we take p\ = S. Using Lemma 15.31 
again, one can get ^vit x G L P2 (R+) ,Vp2 G [2, 12). Again, by Lemma I5TTI one can get 

I P Ai>ru) < C r ,i.e.,^ r u x G W\' V *{R\). 

2 

By Lemma 15.31 we can get 

20 

\\^r 2 u\\ c i ^ + \\Au x \\ c i ^ + llyVvuJpi^ < (7 r , if Vi = y- (5.14) 

This proves (|5 . 1 2[) . Now we can prove (|5.13[) by induction on k. For fc = 0, (|5.14[) means we can 
apply Lemma 5.2 to get 

\\Ayu m \\ d i (W) + \\Au X x\\ d ^ W) + \\yHru xy \\ d i {W) + \\ip r u y \\ d i (W) < C r 

For k = 1, as iprd x u x ,yiip r dyU x G Ci(R+), we can continue to apply Lemma 5.2 to ip r u x again 
to get Ii(ib r u x ) < C r namely, 

\\^ryd yy (u x )\\ d i^ + \\il; r d xx (u x )\\ d i^ W) + \\^ r dy(u x )\\ d i^ W) < C r 

This means i/> r d x (uy) € Ci(R%). Comb ining with i/j r ydy(u y ) G C (R\) and applying Lemma 5.2 
to i\) r u v again, we can see that Ii(i/j r u y ) < C r , namely, 

llVry^^H^l^ + \\lpr9 xx (Uy)\\ 6 l {W) + Urdy(Uy)\\ 6 l (W) < C r 

Also this implies that u yy G C(R\). For general k, repeat the above steps, we can get (|5.13p . □ 
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